The aim of this paper is to present novel tests for the early causal diagnostic of positive and negative bubbles in the S&P 500 index and the detection of End-of-Bubble signals with their corresponding confidence levels. We use monthly S&P 500 data covering the period from August 1791 to August 2014. This study is the first work in the literature showing the possibility to develop reliable ex-ante diagnostics of the frequent regime shifts over two centuries of data. We show that the DS LPPLS (log-periodic power law singularity) approach successfully diagnoses positive and negative bubbles, constructs efficient End-of-Bubble signals for all of the well-documented bubbles, and obtains for the first time new statistical evidence of bubbles for some other events. We also compare the DS LPPLS method to the exponential curve fitting and the generalized sup ADF test approaches and find that DS LPPLS system is more accurate in identifying well-known bubble events, with significantly smaller numbers of false negatives and false positives.
I. Introduction
The US market capitalization of firms rose from $2.8 trillion in the end of 1988 to $18.7 trillion in the end of 2012 in current prices and hence increased 6.7 times in 15 years or 13.5% per year in average compounded growth.
Correspondingly, $1.8 trillion in the end of 1998 and $9.6 trillion in the end of 2012 of corporate equities was held by households and non-profit organizations in the US. 1 Given the level of penetration of the stock market investment in US, a boom or a bust in the market has widespread effects on US economy, beyond its effect on the wealth of households and the value of firms. Therefore, it is vital to diagnose booms and busts before they hit the stock market.
The S&P 500 (S&P500) is one of the most frequently used stock market index in gauging the US stock market performance. The S&P price index, like many other assets, shows positive and negative bubbles in certain periods, which seems to contradict with the Efficient Market Hypothesis. Since Sornette et al. (1996) , there is a growing research using critical points with log-periodic corrections, borrowed from statistical physics, in identifying bubbles. 2 This methodology (later started to be called Johansen-Ledoit-Sornette (JLS) model or Log-Periodic Power Law Singularity (LPPLS) analysis) proposes that a bubble can emerge intrinsically out of the natural functioning of the market. A brief survey of this literature is as follows. 3 To further test the methodology, Sornette and Johansen (1997) used the two largest historical crashes of the century, the October 1929 and October 1987 crashes, and showed that the methodology identifies the two crashes by analysis bubbles developing over an interval of 8 years prior to when they happened. Sornette and Johansen (1998) presented a simple hierarchical model of traders in stock markets, e.g., currency blocks at the highest level of the hierarchy, the countries at the next level, major banks 1 See Balance Sheet of Households and Nonprofit Organizations (B.100) in Financial Accounts of the United States. 2 See demonstrating the analogies between the quantification of risks in finance and insurance and the optimization of portfolios on one hand and statistical physics concepts and methods on the other. 3 Extended and condensed reviews of the literature can be found in Sornette (2003a) and Sornette et al. (2013) , respectively. and institutions within a country then, and so forth, all exhibiting herd behavior. Sornette and Johansen (1998) showed that this hierarchical organization was sufficient to produce log-periodic oscillations and that a systemic instability could lead to a crash. Sornette and Zhou (2006) (2010) presented a systematic analysis of drawdown outliers and showed that they are either preceded by a (super-exponential) power law price appreciation decorated by LPPLS signatures or by exogenous shocks. Yan et al. (2012) , using the JLS model, developed an alarm index based on an advanced pattern recognition method with the aim of detecting bubbles and performed forecasts of market crashes and rebounds. Testing their methodology on ten major global equity markets, they showed quantitatively that their a alarm method performs much better than chance in forecasting market crashes and rebounds. Filimonov and Sornette (2013) proposed a revision of the LPPLS formulation convenient for more stable calibrations, by transforming it from a function of 3 linear and 4 nonlinear parameters into a representation with 4 linear and 3 nonlinear parameters. This transformation significantly decreases the complexity of the fitting procedure and improves its stability. In addition to this, they developed an additional subordination procedure that allows one to detect the critical time, the end of the bubble and the most probable time for a crash to occur. This further decreases the complexity of the search. Filimonov and Sornette (2013) and Zhang et al. (2015) . Three indicators used in this system are the Bubble Status (DS LPPLS Bubble Status), the End-of-Bubble signal (DS LPPLS End-of-Bubble), and the confidence (DS LPPLS Confidence), which are also used in this study.
The aim of the present study is to identify positive and negative bubbles in S&P500 since the first month of 1814, based on an initial estimation from August, 1791 to December, 2013, i.e., a rolling-window of 269 months. Sornette et al. (1996) , Sornette (1998a) , and Johansen (1997, 1998 ) define a positive (negative) bubble an accelerating ascending (descending) log-price ending at some future critical time. That is, positive (negative) bubbles are not characterized by an exponential increase (decrease) of price but rather by a faster than exponential growth (decay) of price (Hüsler et al., 2013; Leiss et al., 2015) . For this purpose, we use the log-periodic power law singularity (LPPLS) methodology, developed by Sornette et al. (1996) , Sornette (1998a) , and Johansen (1997, 1998) . The main motivation for using this methodology is to diagnose the bubbles ex-ante. We show that LPPL methodology is able to identify bubbles quite early, but the signals often do not stop immediately after the real bubbles fade. We undertake our analysis in two phases. In the first phase, the timeline of "DS LPPLS Bubble Status indicators" of the S&P500 monthly data from January 1814 to August 2014 are derived. In the second phase, we derive the timeline of "DS LPPLS End-of-Bubble" signals and "DS LPPLS Confidence" indicators of the S&P500 monthly data from January 1814 to August 2014. There are two times, 1842-1843 and 2002-2003, for which the End-of-Bubble signals of negative bubbles successfully predict the more than 30% rebounds, and our methods identify only those two clusters of End-of-Bubble signals of negative bubbles. The End-of-Bubble signals of positive bubbles, however, are able to predict a large fraction of the big drawdowns that develop in their future, with only two or three false alarms, resulting from the fact that sometimes the warnings come too early. There are 19 reported bear market, bubble, or crash periods 5 in the history of US stock markets, which occurred during the sample period of the data used in this study. et al. (2007a, 2007b) and to the generalized sup Augmented Dickey Fuller (GSADF) procedure of Phillips et al. (2015) . The DS LPPLS system identifies more of the already documented and well-known bubbles compared to the two alternative methods. In addition to others, the EXCF and GSADF methods fail The rest of the paper is organized as follows. The next section presents a brief summary of the DS LPPLS methodology. Section 3 presents the findings.
The final section concludes the paper. In this section, we recall the derivation of the log-periodic power law singularity (LPPLS) model. This presentation of the LPPLS is based on JLS (2000) . JLS (2000) consider a risk neutral rational agent with rational expectations. This implies an asset price p(t) following a martingale process. In market equilibrium, there is equality between asset price and its conditional expectation given all information available up to time t. This is a necessary condition for no arbitrage. Assume that t c is the unknown crash or end of bubble time, also called the critical time, with a probability density function q(t), a cumulative distribution function Q(t) and hazard rate )
Methodology
As it is wellknown, the hazard rate gives the probability of a crash in the next time period
given that it has not occurred yet. Let ) 1 , 0 ( ∈ k denote the fixed percentage by which the price falls during a crash. Then the asset price dynamics can be described as follows:
where dW is the infinitesimal increment of the Wiener process with 0 mean and variance equal to dt. The term dj denotes a discontinuous jump with j = 0 before the crash and j = 1 after the crash occurs. The equations of no arbitrage and rational expectations imply that
. Then the asset price dynamics before the crash occurs is given by the differential equation E[d ln p(t)) = kh(t)dt with the following solution:
As also remarked by Blanchard (1979) , the higher the probability of a crash, the faster is the growth of the asset price in order to compensate investors for the increased risk of a crash. JLS (2000) further assumes that a power law describes the behavior of the variables close to a critical point and
describes susceptibility of the diverging system where A is a positive constant and γ is the positive critical exponent of susceptibility. See Seyrich and Sornette (2016) for a recent micro-foundation. The susceptibility quantifies the degree of sensitivity of a system to external perturbation. It is the probability that a group of agents will have the same state given externals influences in the network. In real financial markets, interacting investors are organized inside a hierarchical network, where people locally influence each other at many different levels. Therefore, JLS (2000) proposed a Hierarchical Diamond Lattice (HDL) in order to represent this aspect of reality in financial markets. In the structure of HDL after n iterations there will be
agents and n L 4 = links among them. Derrida et al. (1983) solved a version of the HDL. It is similar to the rational imitation model in a random or regular network with one difference. Here the critical exponent of susceptibility, γ , can be a complex number. Then, the following expression
gives the general expression of the power law singular behavior:
where 0 A , 1 A and ω are real numbers. The oscillations called "log-periodic" correct the pure power law singularity and reflects the underlying approximate discrete scale invariance of the financial price dynamics (Sornette, 1998b) . The oscillations are periodic in ln(κ c −κ ) and ω is their angular log-frequency quantifying how the local period of the oscillations shrinks to zero as the critical time of crash is reached. κ is a positive constant governing the tendency of imitation among agents, the order in which network increases with κ . c κ is the critical point determining the separation of different regimes. See Geraskin and Fantazzini (2013) for further discussion of the relationship between κ and c κ and the assumption that κ is locally linear in time. Within this mechanism, the behavior of the crash hazard rate is similar to that of susceptibility in the neighborhood of the critical crash point. We can then write the hazard rate as follows:
This expression shows that the hazard rate increases as the interactions among investors rise with time. Appling this hazard rate to the solution of asset price dynamics given by equation (2), we obtain the following equation which describes the evolution of the asset price before a crash, which is known as the Log Periodic Power Law singularity (LPPLS) formula:
and B <0 for a positive bubble. C quantifies the size of the log-periodic oscillations around the power law singular growth. β is positive and less than unity. It quantifies the power law acceleration of asset prices. A positive β ensures a finite asset price at the critical time c t of crash. The angular log-frequency of oscillations during the bubble is denoted by ω. φ denotes the phase parameter, which is positive and less than 2π. These parameters are further described in Sornette and Johansen (2001) and Johansen (2003) . The LPPLS formula (5) is the main equation describing the evolution of asset prices before a crash. This equation is given in various forms in several papers: Lin et al. (2014) , and Geraskin and Fantazzini (2013) .
For both developed and emerging stock markets, Johansen et al. (1999) , Johansen and Sornette (1999a) , and Sornette and Johansen (2001) have documented that the most speculative bubbles have two common characteristics.
First, a faster than exponential or super-exponential growth of the stock price during the bubble period, which ends when the bubble fades. This superexponential growth can be characterized by the power law singularity of the LPPLS model. Second, oscillations with an accelerating frequency that can be represented as approximately in geometrical proportional to the distance to the critical time t c (the most probable time for a regime change or end of bubble).
The structure of the LPPLS model in equation (5) 
Positivity of the prices requires
Replacing t c − t with t − t c in equation (5) gives a price dynamics that characterizes what is called an "anti-bubble" (Johansen and Sornette, 1999b; Zhou and Sornette, 2004; 2005) . The second component, C(t c − t) β describes the fact that the amplitude of the accelerating oscillations drop to zero at the critical time t c with additional requirements to guarantee a positive hazard rate (Bothmer and Meister, 2003) . In the LPPLS model, the term ω ln(t c − t)models the fact that the local frequency of oscillations becomes infinite at the critical time t c . It is in general required that 6 ≤ ω ≤ 13 so that the log-periodic oscillations to be neither too fast (fitting to the random component of the data), nor too slow (providing a contribution to the trend). Finally, φ in equation (5) is associated with a characteristic time units for the oscillations.
The LPPLS equation (5) has 3 linear parameters ( A, B, C ) and 4 nonlinear parameters ( β,ω, t c ,φ ). In order to simplify the estimation, usually 3 linear parameters A, B, C are "slaved" in the fitting algorithm and estimated from the given values of the nonlinear parameters β, ω, t c , and φ (see, e.g., Johansen et al., 1999) . A common method of estimation for the LPPLS equation (5) is the nonlinear least squares. However, minimization of nonlinear multivariate least squares functions is non-trivial due to presence of multiple local minima, where the well-studied algorithms, such as the steepest descent or the Newton's method, usually will get trapped. In order to overcome to complexity of the minimization, metaheuristic algorithms such as the taboo search or genetic algorithm is used to estimate the parameters of the LPPL model. Filimonov and Sornette (2013) proposed transforming the LLPLS equation (5) in order to reduce the number of nonlinear parameters from 4 to 3 at the expense of increasing the number of linear parameters from 3 to 4. The transformation substantially reduces the complexity of the fitting procedure and improves its stability, allowing the simple algorithms, such as the Gauss-Newton algorithm, to be used efficiently. The transformed function is characterized by better smooth properties and in general by a single or a few minima. This study also uses the procedure of Filimonov and Sornette (2013) in order to estimate the parameters of the LPPLS model.
Data and Empirical Results

The DS LPPLS bubble identification
We collected monthly data on the Standard and Poor's S&P 500 (S&P500) stock market index from August 1791 through August 2014 for 2677 observations. Data come from the Global Financial Database. The LPPLS model is estimated with a 269 month rolling window.
We define two targets for our investigation: positive bubbles and The crisis was due to a period of sharply rising prices of land, cotton, and slaves from mid-1834 to mid-1836. It was followed by a sharp decline in these prices. The panic had both domestic and foreign origins, such as credit constraints imposed by the UK. The subsequent recession made profits, prices, and wages to go down and unemployment to raise.
The S&P index started to surge in 1830 and peaked to 3.6 in mid-1835. After then, the bubble burst and the index fell to 2.25 in 1837 and made a trough in 1843 at 1.6. The cumulative decline from June 1835 to March 1835 exceeded 50%. DS LPPLS Confidence value: 0.004 Black Friday, 24 Sep 1869
The United States Government issued a large amount of government debt, which were fiat greenbacks not backed by gold, during the reconstruction era following the Civil War. A group of speculators attempted to benefit from this. On September 20, 1869, the speculators started hoarding gold and caused the Black Friday.
The S&P index has risen more than 70% from April 1868 to September 1869. Following the Black Friday, the index fell by 7% in September 1869. DS LPPL Confidence value: 0.001
The Panic of 1873 9
The U.S. economy experienced an economic expansion between 1866-1873 due to heavy investment in transportation and protective tariffs. However, overproduction against a declining market, deflation, and the depression in Europe triggered a depression that lasted from 1873 until 1879. It is also called long depression or great depression. Speculation in stock market, production and/or sales fall in several manufacturing industries, high debts due to easy crediting, falling prices in some agricultural products and heavy emigration from rural to urban are listed as the causes of the great depression. Rousseau (2002) . 9 See Barreyre (2011), Lubetkin (2006) and Coppock (1961) on the causes. 10 See Friedman and Schwarz (1963) for monetary-related, Bernanke (1983) for credit related, and Temin (1989) and Bernanke and James (1991) The financial crisis of 2007-08 was triggered by the bursting of the housing bubble in the US, which peaked in mid 2006. Following, the end of the bubble the default rates on subprime and adjustable-rate mortgages (ARM) increased quickly. Thus, the crisis is also called the Subprime Mortgage Crises. The financial crisis of 2007-08 is considered to be the worst crisis since the Great Depression. The crisis later on led to the 2008-2012 global recession and also contributed to the European sovereign-debt crisis. The total cost of the crisis is estimated around $10 trillion to $12 trillion, corresponding to the drop in value of world stock markets and around $5.7 trillion to $12.8 trillion of loss in US output. indicators, which are based on the bubble detection system described in Zhang et al., 2015. The DS LPPLS End-of-Bubble signals are constructed with 269 historic monthly data points. At any time t, we fit the LPPLS model with the historic data and check the quality of the calibrations. A fit must pass a strict Lomb logperiodic test (Zhou and Sornette, 2002) , unit-root test of the residuals (Lin and Sornette, 2013) , and other criteria explained and justified in (Johansen and Sornette, 2010; Sornette et al., 2013) . Moreover, we generate 3000 successfully predict more than 30% rebounds, and our methods identify only those two clusters of End-of-Bubble signals of negative bubbles. The End-of-Bubble signals of positive bubbles, however, are able to predict a large fraction 11 Johansen and Sornette (1998, 2001 ) developed a methodology to characterize drawdowns (drawups) robustly. Drawdowns (drawups) were simply defined as a continuous decrease (increase) in the value of the price, while allowing for small noise decorating the main trend. A drawdown (drawup) is terminated by a sufficiently large increase (decrease) in the price. Drawdowns (drawups) are thus robust cumulative losses (gains) from the last local maximum (minimum) to the next minimum (maximum). of the big drawdowns that develop in their future, with only two or three false alarms, resulting from the fact that sometimes the warnings come too early.
-Insert Figure 6 Therefore, our present study presents for the first time solid statistical evidence of bubbles for these cases. The description of these events and values of the DS LPPLS Confidence are given in Table 1 respectively. Therefore, the negative bubbles also corresponds to known welldocumented events.. There are, however, three bubble signals in 1903, 1946, 1955 for which there are no recorded events for these periods. The DS LPPLS Confidence value for 1955 has considerable high value of 0.011 relative to the other values observed. But one can observe clear change of regimes following the peak of these signals, suggesting value for mitigating market risks when using such indicators.
Comparison with other methods
In this section, we use two additional bubble identification methods in order to compare the results obtained from the DS LPPLS methodology. In this way, we can both compare the results and do a robustness check by using these alternative methods. Two methods we use for confirmatory and comparative analysis are the exponential curve fitting (EXCF) method of Watanabe et al. (2007a Watanabe et al. ( , 2007b and the generalized sup augmented Dickey Fuller (GSADF) procedure of Phillips et al. (2015) .
The EXCF is based on the idea that an exponential growth curve fits better than a linear model to bubble periods. The EXCF method determines a data based window size to date-stamp the bubbles and crashes automatically.
The window size is determined such that exponential growth would not be observed when an exponential curve is fitted to the data covering a sample size larger than this minimum window size. Balcilar et al. (2014) and Deviren et al. (2014) use the EXCF method to identify bubbles in exchange rates and oil prices. The EXCF method is based on fitting the following exponential curve:
where p(t) is the price at time t , 1 ( ; ) In order to identify the bubble periods, the parameters ) ; ( 1 i T i ω and p 0 (i;T i ) are uniquely estimated from the past i T data points by minimizing the root mean square error. In order to determine the window size i T , we first fit an autoregressive model of order 4, AR(4), to the monthly S&P500 data. 12 Then, we simulate synthetic price data from the fitted AR(4) by changing the window size from 20 to 400. The value for i T is estimated as the minimum window size for which ω 1 (i;T i ) ≤ 1 always holds. With 2000 Monte Carlo simulations, we find that a window size of 100 is sufficient for the monthly S&P500 data.
Once the minimum window size is determined, a rolling estimation procedure is used to determine the bubble periods. 13 The procedure involves the The order of the AR model is determined by the Bayesian Information Criterion (BIC). 13 The rolling estimation of the parameter ω 1 (i;T i ) does not assume any parameter stability. This approach, given the optimal minimum window size, tracks the changes in ω 1 (i;T i ) . As the second method for confirmatory analysis, we make use the GSADF test procedure of Phillips et al., (2015) . The GSADF is a recursive right-tailed unit root testing procedure that allows the identification of multiple periods of price explosiveness. Here, following the suggestions of Phillips et al., (2015) ,
we use a window-size of 36. This method uses a flexible moving sample test procedure to consistently and efficiently detect and date-stamp periods where a price series displays a root exceeding unity. The GASDF procedure is implemented by testing a unit root against a right sided alternative using a fraction r w of the sample, or a window size of T w = [r w T ] , where [⋅] means the integer part. Then, a backward sup ADF test is used with a varying window size r w = r 2 − r 0 , where the end point of the subsample remains fixed at a fraction r 2 of the entire sample, with the window size expanding from an initial fraction r 0 to r 2 , and the sup of all such backward ADF tests are taken. In the GASDF test, the backward sup ADF is repeatedly implemented for each r 2 ∈ [r 0 ,1] and sup of all such tests gives the final test value. Phillips et al. (2013) show that the GSADF test has efficient bubble detection capabilities even in the presence of multiple bubble episodes.
The bubble periods identified by the EXCF method and the GSADF test are given in Table 2 . We first comment on the results from the EXCF model. Table 1 , the EXCF method has eight false signals in total.
The list of bubble periods identified by the GSADF test is also given in 
Conclusion
In this study, we apply the LPPLS methodology introduced by Sornette et al. (1996) and Johansen (1997, 1998) , on monthly S&P500 stock prices in order to identify bubbles and crashes in the US stock market using two centuries of data from 1814 to 2014. The distinguishing feature of this study from the previous studies is that this paper is the first of its kind that examines the existence of bubbles in the US stock prices using two hundreds years of monthly data with an advanced bubble detection methodology based on the LPPLS model. We found eight periods of positive bubbles in the S&P500 and two periods of negative bubbles in the period from January 1814 to August 2014. Our analyses showed that the S&P500 experienced positive bubbles in the Two negative bubbles detected by our methodology do also correspond to known events. Thus the bubble indicators for these events are also correct signals.
Our study shows that, among the 19 events documented as bear market, crash, or the bubble in the history of the US stock market between 1814 and 2014, only eight events can be classified as positive bubbles with positive feedback mechanism. Additionally two events are classified as negative bubbles. These bubbles and crashes in the stock market, triggered by various reasons, all developed a positive (or negative in two cases) feedback mechanism, a self-perpetuating pattern of investment behavior. The positive (negative) feedback mechanism translates into super-exponential growth (decline) in stock prices. However, not all stock market crashed or crises are caused by internal bubble mechanisms with positive (negative) feedback mechanism. Some of these events are not preceded by faster than exponential price growths (declines) and the crashes are caused by various economic and political events, such as the recessions, panics, wars, end external influences.
We performed a confirmatory and comparative analysis using two alternative methods. Combined together, the EXCF and the GSADF methods do also identify six of the eight periods as bubbles, which were classified as bubbles by the DS LPPLS system. Both the EXCF and the GSADF methods fail to identify two well-known and well-documented bubbles. The Black Monday of 1987 and the Subprime Financial Crises of 2007-2008 are not identified as bubbles by the GSADF and EXCF methods, respectively. We also find that the GSADF method tends to signal fewer bubbles than the other two methods, while the EXCF method has the tendency to falsely detect too may bubbles. Both the GSADF and the EXCF methods do not identify negative bubbles and give higher number of false signals compared to the DS LPPLS method.
Our study shows that, with frequently occurring influential events in the last two centuries of the history of the US stock market, regime shifts, and change of regimes are the "norm" rather than the exception. The actors and policy makers should well be aware that that these regime shifts and change of regimes are likely to occur more frequently in the future (Sornette and Cauwels, 2014; . Based on robust statistical evidence and a two hundreds years long monthly time series data, our study highlights that financial markets exhibit transitions between phases of growth, exuberance and crises (Lera and Sornette, 2015) . Not all but most crises are endogenous and are the consequence of procyclical positive or negative feedbacks that eventually burst (Johansen and Sornette, 2010) . Our study also shows that it possible to detect crashes ahead of time and reduce the welfare loss arising from these. The study underlines the importance a dynamical time at risk management (Kovalenko and Sornette, 2013) and its possibility, based on a sound monitoring system and scenario analysis that is capable of recognizing the ubiquitous of positive and negative feedbacks. 
